LATTICE MODELS SOLUTION SHEET 12 EPFL AUTUMN 2024

For exercises 1, 2 and 3, we consider the Ising model with 4+ boundary conditions on the square lattice inside
the open unit disc D C R%2. We denote by Ds the discretisation ID N §Z2.

Exercise 1. Coupling and stochastic domination
(1) Recall the Markov Chain for the Ising model that you have seen in class (the Glauber dynamics).

Solution. The Markov Chain you have seen consists of the following steps:
(a) Start from an arbitrary configuration,
(b) Make random flips:
(i) Compute the energy of the current configuration H,.
(ii) Pick a vertex x at random, consider the configuration p obtained by flipping the spin z of o, and
compute its energy H,
(iii) If H, < H,, replace o by p. If H, > H,, replace o by p with probability e~ ##r /e=FHa

(2) Consider the following Heat Bath Dynamics :
(a) Pick a vertex x at random,
(b) Sample the spin o, at random by giving probability

e_BH(U+)
c—BH(aT) | o—BH(o)

Po,=1)=

where 0 and ¢~ denote the configuration o with the spin o, forced to be +1 and —1 respectively.
Prove that the Ising measure is the invariant probability measure of this dynamics. Hint: check the detailed
balance equation.

Solution. We will prove the detailed balance equation :

T Ising (U) PHeatBath (Ja P) = Tsing (P) PHeatBath (P, 0) .

If p is not of the form o or o™, the detailed balance equation is trivially true since Pyeqiatn (0,p) =
PreatBath (p,0) = 0. Now, let us suppose there exists a vertex x such that p = ot , then

e~ BH(0) e~ BH(eT)
TIsing (U) PHeatBath (07 P) = T[sing (U) PHeatBath (07 U+> = 7 67ﬁH(U+) T e*ﬁ?‘l(tf*)
and
e—BH (™) e—BH(o)
TIsing (,0) PHeatBath (P, J) = TIsing (0—+) PHeatBath (0—+7 0) = 7 e—ﬂH(U+) T 6_67_[(07) .

This proves that the detailed balance equation is valid and the Ising measure is the invariant probability
measure of this dynamics.

(3) We define a partial ordering between spin configurations o € {il}]% o <o if o, <o) for all a € Dy.
Suppose that we start the chain at a common temperature 8 > 0 on two starting configurations ¢® < ¢/ .
Show that we can couple the two dynamics such that this ordering is preserved at each step of the Markov
Chain, that is

O,’Il < O_/’I'L

for all the time steps n € N.

Solution. We will define two Markov Chain ¢” and ¢'" starting from ¢° and ¢’ by using the Heat Bath

Dynamics and:

(a) picking the same vertex x at random for the two Markov Chain,

(b) sampling the spin o7 and ¢’?*! using the same underlying uniform random variable: we consider
U ~ Uni([0,1]) and we define

eiﬁH(O_nﬁ—)

e—BH(@"™) 4 o—BH(a")

oMt =1if U <
and o7t = —1 if not,
_B,H(O_MH»)
oM = 1if U < c

x - 6*,37-[(0""*) +67,3’H(0’”*)
1




and o,"t1 = —1 if not.
o) o)
e BH(e"T) fe—BH(e"T) = —BH(c/"T) 4 —FH(s/"
clude that ¢ < ¢’™. In order to prove the first inequality, we only need to prove that
e_’BH(UnJr) + e_ﬁﬂ(”ni) e_'BH(U,nJr) + e_ﬁH(a/ni)
=) = c—FH()

If we prove that at any time 3 then by induction we can con-

or
e—ﬁ?—t(a"’) e—m{(a’"*)

e—BH(E"T) = =BH(o/"T) "
Let us remark that for a configuration o and any site x,
e_BH(Ui)
e*BH(UJr) -

PEICD SHUE AL AED DR )

(Be careful, the energy H is equal to — 0,0y. Do not forget the — sign), yet o+ and o~ only differs

Ty
at z, thus it is equal to e 2 2a~z %o, This implies that
e_BH(O'"7)

e*B’H(UnJr) -

e_B,H(U/n—)

28 amn 00 “2Fgnaoe =~
e >e efﬁ”H(U'nJr) )

which allows us to conclude.

Exercise 2. Monotonicity property for the boundary conditions
Show that if b,,b, € {jzl}m‘s are boundary conditions such that by < by (which means that for any element z
of the boundary by (z) < ba(z)). Then the corresponding Ising measures satisfy:

]Eﬂﬂ)s;h (Ua) < Eﬁ&;h (Ua)

for any a € Ds. Hint: Use the Markov chain dynamics seen in the previous exercise; the boundary spins remain
unchanged.

Solution. One just has to use the same coupling of Markov chains (where we never pick x on the boundary) as in
the previous exercise, with similar initial condition except for the boundary where one begins with b; and by. The
result follows from the general fact about Markov chains that the Glauber or Heat bath dynamics converge to the
Ising measure over spin configurations.

Exercise 3. Low-temperature expansion
The aim of this exercise is to show that there exists 0 < 8 < oo (large enough) such that

. 8
lim (Slgfo Ep, + (0(070)) > 0.99.

f(%et us fix d, we will show that Pﬁd_’Jr (00,00 = —1) < €(B) where €(8) — 0 as 3 — oo is a function independent
of 4.

(1) Verify that showing ]P’]ﬁ&,Jr (0(070) = —1) < ¢(B) is already enough to prove liminfs_,o ]E]g&+ (0(070)) > 0.99.

Solution. We have E§5,+ (0'(070)) = ]P)]g&+ (0'(070) = 1) — Pg§7+ (O’(0,0) = —1) =1- 2PHB)§,+ (0’(0’0) = —1) 2
1 — 2¢(B). To get the desired estimate, it suffices to choose § large enough such that 2¢(5) < 0.01.

(2) Recall the partition function of the Ising model on Ds with + boundary conditions:

oe{£1}Ps>F
Using the relation 37, ¢ 020y = [E| =3, ce(1—040y), express the Hamiltonian and the partition function

in terms of the loops of o.

Solution. We have:
Hpsi(0) == D owoy=—l€l+ Y l-owoy=—l€]+ D 2=—|f[+2{{z,y} €& 0. #0,}l.
{z,y}e€ {z,y}e€ {z,y}e€,0.#0y

As we have seen in the lecture, each configuration o defines a set of loops in the dual graph of Ds, each
loop edge corresponds to an original edge between vertices whose spins differ; we denote this set of loops
as C(o). We can thus rewrite the last sum as:



Hp, (o) = —|E[+2 Y |y
~v€EC(0)
Thus, the partition function can be expressed as:

Zz = Y SEBTcmbl sl 3 ] el

oe{+1}Ps:+ oe{+1}Ps:+ veC(0)
Notice that when we consider the probability of a particular configuration ¢ using this expression, the term
ePI€l cancels out in the numerator and denominator, so we can disregard it.

(3) What is en equivalent way to describe the event (g o) = —1 in terms of the contours surrounding (0,0)?

Conclude that IP’H@J’Jr (0,0 =-1) < Pﬁsﬁ(ﬂﬂy* € C(o) a loop surrounding(0,0)). Hint: What has to be the
parity of the number of loops?

Solution. In order for o(gg) = —1, the vertex (0,0) has to be surrounded by an odd number of loops. This
in particular implies, that there needs to exist at least one loop surrounding (0,0).

(4) Let us fix a particular loop v* which surrounds (0, 0). Show that

ZU:V*EC(U) H’YGC(U)\{’Y*} e <1
Za/ H’y’EC(O'/) 6*2,3|’Y/‘ -

Solution. We will show that the numerator is less than or equal to the denominator as follows: for every con-
figuration o that contains the loop v* we construct a new configuration ¢’ such that HveC(a)\{v*} e 2817 =

Hv,ec(a,) e~281'l. In other words, we want o/ to have the exact same loops as o, just without v*. To
construct ¢/, simply take o and flip all the spins in the interior of the v* loop; it is not hard to see that the
resulting configuration ¢’ will have all the loops as o, except for v*. Moreover, from the construction, it is
apparent that the mapping o — ¢’ is injective. Thus, each product Hvec(a)\{ﬂ{*} e~281l in the numerator

is also present in the denominator as ny'ecw’) e~281lwhich concludes the proof.

(5) Show that ]P’]gwr (0(070) = —1) is bounded above by 2221 4te—20L
Solution. We have that:
IE"]I‘;&+ (00,0 =-1) < Pﬂgé’Jr(ﬂ’y* € C(o) a loop surrounding(0,0)) < ZIF’ ) Z Z ]P’ID)(s 4 (
Y* oy*eC(o)
Using (2), we can rewrite the probability of ¢ in terms of its contours:
=28l =281l

Z Z P’ ()= Z Yorrec(o) yec(o) © _ Z —28]y* ‘Z(m ~eco) heconry € < Ze,gmw.
oF o Zo” H'y’ec(o”) 6_2B|7/| Z H'y reC(o’) e —281'l o oy

Y oy*eC(o) v

Where the last inequality uses point (4). Now, it remains to estimate the number of loops around (0, 0)
with a fixed length [ (you have seen this result in the lecture as well as in Exercise sheet 8, exercise 3.).
This gives the final inequality
Ze*ﬂ"” <3 a2t
>1
(6) Conclude that there exists 0 < f < oo (large enough) such that
lim inf Eg& + (000,0)) > 0.99.

Solution. Since Ze>1 24%e=2P converges to 0 as 3 — oo we have shown that IP’D + (0(0 0) = 1) < €e(B)

where €(8) — 0 as 8 — oo is a function independent of 4. Thus, using (1), the proof is finished.



