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Let GC Z< be a finite graph with boundary G (i.e. the vertices in Z¢ having one neighbor in G). The Laplacian
on G with boundary conditions b is the linear operator AZ& : RE — RE defined on any function f : G — R by the
relation

Af (@)= 5 31 )~ F @),

Yy~
where x € G, f(y) = b(y) for each y € G and y ~ x means that |y — x| = 1.
The differential df of a function f on G U JG is a function defined on any oriented edge (x,y) of G UJG as

df (z,y) == f(y) — f(2).

The scalar products on the set of functions R is defined as

o gne = 3 f@)gla).

zeG

Similarly, if £ is a set of oriented edges in G, we define the scalar product on R as

<f7g>]R§ = Z f(x,y)g(m,y)

(z,y)e€
Exercise 1. General knowledge. Let G be a finite subgraph of Z¢ with boundary 9G.

(1) Show tliat A = AY, is negative definite. Hint: Show t_f}dt (A, 9)re = —35(df, dg)gece) — 23(Af, dg)pe, o0 »
where E(Q) is the set of oriented edges in G and E,,1(0G) is the set of oriented edges of the form (x,y)
where x € G y € 0G.

Solution. We can make the following derivation:

Bhgse = 5230 3 (f) ~ @) g(a)

z€G y~x
= Y U@ @) e Y ()~ @) g)
(2,9) EE(G)UEput (9G) (2,9)E€E(G)UEut (0G)
= (e, — 5@ o)t 55 DS ()~ @) glo).
(z,9)€E(G)
In addition, we have
L - @) = = S (e -+ Y (F@) - Fw) e
2d 4d
(z,y)€E(G) (z.9)€E(G) (z,y)€E(G)
= 5 Y ) - @) el o)
(z,y)€E(G)

1
= @<df7 d9>Rs‘<G)7
hence 55 Y emede () = f(x)gly) = = (df, d9>R5(c) which, when substituted into the previous expres-
sion, indeed gives
1 1
(Af,g)re = _@<df7 d9>]1{<5(c) - ﬁ<df7 d9>R5‘0ut(ac) .

(2) Let ¢ be an harmonic function such that 1 is null on dG. Show that v is null on G. Let hy and hs be two
functions respectively on G and 0G. Let f, g be solutions of

A(b = h1 in G,
¢ = ho on 0G
show that f = g.



2

Solution. The solution follows from a “maximum principle-like” argument. More precisely, if ¥ is an
harmonic function such that ¢ is null on 0G, then |¢| satisfies :

1 1
= — < — .
¥ (@) =57 yENzw W) < 55 yEw ¥ ()|
Since G U OG is finite, there exists xy such that || (z¢) = maxgeq [¢] (x). If 29 € G we can conclude. If

2o € G, then :
1
|9 (z0) | < B¥i Z v (y) | < | (o) |-
Yy~xo
This implies that for any y ~ z, | (y) | = |¢ (z0) | = maxg [¢] (x) . The function takes the same value on
the neighbours of  and thus it must take the same value on G LI G : we can again conclude. The fact
that f = g follows from the previous argument using ¢ = f — g.

(3) Let B C 0G. Recall the two definitions of the harmonic measure Hp (-) defined on G.

Solution. The definitions are :

(a) The unique solution to the PDE problem :
AHB (.13) =0 in G,
Hp(z)=1 on B,
Hp(z)=0 ondG\ B.

(b) The function :
Hp (z) =P*[S,,, € B],

where 7y¢ is the first time the random walk (S5,,),,5 Visits 9G.

Exercise 2. Green function

Let us consider A a finite subgraph of Z?, and let A be the set of points in Z? \ A that are adjacent to a point

in A. Let (S,),>o be a random walk started from a point in A. We define 74 = min {n >0, 5,, ¢ A} which is the
first time the random walk leaves A.

Recall that the Green’s function G 4 defined on Z¢ x 7% is
GA (l’,y) =E" [# {0 <n< 7-A|Sn = y}]

where we recall that P* refers to the probability law of a simple random walk started at z and E* is the associated
expectation.

(1) Prove that
TA <00, E(ra)<oo, Gal(z,y)<oo

Remark. Be careful: for d < 2 and A C Z¢ not necessarily finite it still holds that 74 < oo (as a consequence
of the recurrence), however, it can be true that E(14) = oo. (e.g. using point 5. of this exercise, one can
see that E! (15) = oo for the random walk on Z starting at 0). Whereas for d > 3, we can have 74 = 0o
with positive probability and still G4 (x,y) < oo (because there will be a finite number of visits at a given
point ¥).

Solution. The fact that 74 < oo is, for example, a simple consequence of the recurrence of the random
walk (the walk will in particular cross any point on the boundary with probability 1). Let us remark also
that G4 (z,y) < E(74) thus G4 (x,y) < oo is a consequence of E (74) < oco.

We need to prove that E (74) < co. Since for a r.v. X taking value in N we have

E(X)=) nP(X=n)=) > P(X=n)=> Y P(X=n)=)Y P(X>k),
n>0 n k<n k n>k k
it is enough to prove that P (74 > n) has a very fast decay to 0 when n goes to infinity.
Yet, using the fact that A is finite, there exists N big enough and ¢ > 0 such that

supP? (r4 >n)<1l—c Vn>N.
€A

Indeed, it is enough to show that there exists N big enough and ¢ > 0 such that inf,ca P* (14 <n) >
¢ Vn > N: for each x € A we pick a path w, which ends in 0A, then we consider N = sup,c 4 (|wz])

(where |w,| is the length of w, ) and ¢ = inf, 4 P* ((Sn)ngm = wz>.



(2)

(3)

Then by recurrence we get that

supP* (14 > kn) < (1 —¢)".

Let us just show that it holds for & = 2.

PY (14 >2n) < ZIP’y (T4 > 2n|ta >n and S, = 2)PY (S,, = 2|14 > n)PY (14 > n)

z

< Z}P’Z (ta = n)PY (S, = z|ta > n)PY (14 > n)

< (1=0¢)* Y PY(S, =2[ra >n)

A

(1-¢)

Thus in particular for a given x,

P* (14 > kn) < (1 —¢)"

and thus

E(14) < 00.
Show that Ga (z,y) =Y o o P*{Sh, =y and n < 74} .
Solution. We can write

Ga(z,y) =E [Z ﬂ{sk:y}m{fpk}] =Y P {S, =yandn <7a}.
k=0 n=0

Let y € A, and let f () = G4 (z,y). Prove that f is a solution of

)1 T =y,
Af(””)‘{o e A\ [y
fx)=0 on 0A

Solution. Checking the boundary conditions is trivial. Let us show the fact that Af (z) = —d,—,. We
have

f@)=Gal(z,y) = Z}P’I{Sn =yandn <7a}= ZZPI{S":yandn<TA|Sl =2}P, (51 =2)
n=0

n=0z~zx

= 5m:y+ZPm (S1 :z)ZIP’“:{Sn =y and n < 74|51 = 2}

Z~T n=1

1 =, 1
= 5m_y+2dZ<Z]P {Sn:yandn<7,4}>=5m_y+2dZGA(z,y)

z~x \n=0 2~

= byt g 3 (2)

T

hence Af (z) = —dg—y.

Prove that f is the unique solution to the above problem.

Solution. We can apply the point 2. of Exercise 1.

Find an explicit formula for G4 when d =1 and A ={1,--- ,;n —1}.

Solution. We know that G 4 (-, y) solves the discrete partial differential equation of point 3. : it is enough
to find an explicit formula for the PDE problem. Let us remark that Af (z) = 0 implies that f is locally
linear. Thus, in order to find G4 (+,y) we need to find a piecewise linear function which is equal to 0 at 0
and n and such that

Fly) = f(y—l);rf(y+1)+1.

a

Let a = f(y), then the slope at the left of y is m and the absolute value of the slope at the right of y is
725 By Equation (0.1), a must satisfy :




1<a a >
1=-(=+
2\y n-y

or2y(n—y)=a(n—y)+ay =an thus a = 23’(%—3/). And G4 (.,y) is the piecewise linear function such
that G (0,y) = G4 (n,y) =0 and G4 (y,y) = 2@.

Prove that the simple random walk on Z is recurrent.

Solution. Using the point 5., we know that G¢_,, 11, . ,—1} (0,0) = O (n), but if Ny is the number of visits
at 0 of the simple random walk on Z and E° is the expectation under which the simple random walk on Z
starts from 0, then E°[No] = Gz (0,0) = lim, o0 G{_p41,....n—1} (0,0) = co. Thus, the simple random walk
on 7 is recurrent.

Show that G 4 is the inverse of minus the Laplacian operator —A in the following sense: if f : A — R is
any function and h(z) = >-, c 4 Ga (2,y) f (y) , then —Ah = f

Solution. Let us consider f: A - Rand h(x) => _, Ga(x,y) f (y). Then by linearity of the Laplacian:

yeA

Ah(2) = 3" AuGa (2,y) f () = =3 6omyf (9) = —f ()

yeA

hence —Ah = f.

Exercise 3. Large deviation estimate and recurrence for the simple random walk on the square lattice Z2.
Consider the simple random walk Sy = (X}, Y)) on Z? starting at (0,0), where X} and Y are the coordinates

of Sk.
(1)

Let NQ(:? be the number of steps in direction x taken by (Sk);<,,. Let (5’7(3)) . and <§£Ll)) . be two
independent one dimensional SRW on Z. Show that B B

P (San = 0 { N8 =2k }) =P ({8{}) =0} and {5 =0}),
for all k,n € N such that & < n.

Solution. We have (similarly as in Exercise 2.2 from exercise sheet 1)

P (SQn =0 {Nﬁf} = Qk}) = P ({XQ,L =0} and {Ya, = 0}| {Nz(jj) = Qk})
= () () =0 (Sila=o)
and (?ff))

Let us suppose that after 2n steps for n large enough, the number of steps the walk (Si),~, moved in the
direction x is the even number in {n,n + 1}. Show that there is a constant ¢ > 0 such that

which gives the result using the independence of (Sr(f))

n>0 n>0

C
Py (Sgn = 0) > E

Solution. We will suppose that n is even. If the assumption is true then, using the previous point, we get

P =0 =2 (=0 {7 =) ~ (5 () 5

[Large deviation estimate] Show that if N is a Bin (n,p) random variable and ¢ < p then there is a constant
¢ = ¢(p; q) > 0 such that

P(N <qgn)=0(e").
Hint : Think about an inequality which allows to bounds probability with expectations. And since there

should be some exponential at the end of the day, try to think about what you can do before applying the
inequality.



Solution. For any A > 0, using Markov inequality, we get
P(N<gn)=P(-AN > —-Xqgn)=P (efAN > ef)‘q") < MR [ef)‘N} .
Recall that the moment generating function of N is E [e’/\N] = ((e*)‘ —p+ 1)”7 thus
BNV < gn) < en(arn((-0pt)

Let us remark that the function ¢ : A — Ag + In ((e’A —p+ 1) satisfies ¢ (0) =0 and ¢’ (0) = ¢ —p < 0.
Thus, there exists A such that ¢(A) < 0 and thus we found ¢ = —¢ (A) > 0 such that

P(N <gn) <e .
Using the intuition built in question (2), the results about 1D SRW and the large deviation estimate to
prove that

Py (San = 0) > %
and thus conclude that S,, is recurrent.

Hint : Use the bound P (Sg, = 0) > Y002 p (52n —0nN® = k)

k=n/2,even

Solution. We have
3n/2

P(So=0)> > P (Sgn = o[ = k) P (Ngi) - k)

k=n/2,even

But if k = 2k’ is even in [2,32], then P (Sgn = 0|N2(i) = k‘) is equal to

27072
1 ok o — k' . 1 (2k’)2k’+1/2 (2(n . k/))Q(n—k/)-H/z - 1 ~C 1
an \ K n—k )7 k2K +1 (n — k')2(n—k)+1 T VENn—kFn
Thus

3n/2
o - (z) (z) 1 (z) n 3n
= > = = = ~ — _ — .
P (S2n O) E P (Sgn O|N2n k’) P (NZTL ]C) CnIP (N2n e |:2 ' :| G‘VGH>

k=n/2,even

272
(remark that for a symmetric Binomial distribution the probability to be even is equal to the probability
to be odd), we obtain that

Since according to question (3) (with p = §,¢ = 1) we have P (NQ(::L) € [2,3] even) ~P (Nz(i) even) =1

P (S, =0) >

Y

Slo

which allows us to conclude as usual.



