LATTICE MODELS SOLUTIONS SHEET 4 EPFL AUTUMN 2024

Let A C Z% be a finite domain. Recall that the Green’s function on A is the function which for each y € A and
each x € AU JA takes the value:

Ga(z,y) =E[#{0<n<74:855 =y}]

where (S7),, is the simple random walk started at x and 74 = min{n > 0: S} € 0A}.
We also recall that the Harmonic measure on A associated to a subset B C 0A is the function which for each
xr € AU OJA takes the value:

Ha(z,B) =P [SfA € B} .
Exercise 1. General knowledge
(1) For y € A, recall what is the discrete PDE satisfied by the function f(z) = G4 (z,y).

Solution. The function f(x) = G4 (z,y) satisfies the discrete PDE Af (x) = —d,—,, with boundary
conditions f (x) =0 for z € OA.

(2) For y € A, recall what is the discrete PDE satisfied by the harmonic measure f(x) = Ha (x, {y}) .

Solution. The function f(z) = Ha (z,{y}) satisfies the discrete PDE A f () = 0 with boundary conditions
f(z) = dy=y for x € DA.

(3) In this question, a salary is a function s : A — R and an exit bonus is a function b : A — R. Given
a path w = (wg,...,wy) in AU JA such that only w, € 0A, the reward associated with w is 75, =

EZ;; s (wk) + b (sy). Give an interpretation of G4 (z,y) and Ha (x,{y}) as an expected reward.

Solution. G 4 (7,y) is the expected reward of (S{,...,S%, ;) , with salary 0.—, and exit bonus 0:

TA—l
GA (‘T7y) =E* [Z 6Sk_y] .
k=0

Ha (z,{y}) is the expected reward of (Sf,...,S?, ), with salary 0 and exit bonus J.—:

Ha(w,y) =B [b5,,,] .

(4) Give an explicit solution to

Af=0 indA
(0.1) f=0
f=F inoA
in terms of {Ha (z,{y})},, , and give a interpretation of the solution as an expected reward.
Solution. The solution is given by
f@) =Y Ha(x,{y})F(y).
yedA
Indeed,
(a) ifx € 0A, f(2) =3 con Ha (2, {y}) F' (y) = X" coa 0a=y F (y) = F (2),
(b) ifz € A, Af(z) =37, coa (AHA (z,{y})) F (y) = >, OF (y) = 0,
(c) we have a unique solution since if f; and fo are solutions, then h = f; — f2 is harmonic and null on
0A: by the mazimum principle, h = 0 and thus f1 = fs.
The solution f at x can be seen as the expected reward of (SY,...,S7,) , starting at =, with salary 0 and
exit bonus F':
f@)=E[F(S7,)]
(5) Solve
Af = in A
(02) f=p
f=0 in 0A

in terms of the Green’s function and give an interpretation of f (z) as an expected reward.
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Solution. The unique solution is given by
Zp )Ga(z,y)
yeEA
Indeed,
(a) ifz € A, Af (2) = =32 car () (AGA () (2) = X yeap (y) domy = p(z).
(b) ifz € 0A, f(z) =3 capW)Galz,y) =3 car(y)0=0.

The solution f at x can be seen as the expected reward of (Spar,)

exit bonus 0:
TA—1
> p(S;f)] :

k=0

starting at x, with salary —p and

n’

J@)=-E

(6) Explain why

Gal(z,z)= Y (21d> .

wx—r,wCA
where |w| is the length of the path w = [m =wp, W = w]

Solution. We have

Ga(z,x) =E[#{0<n<714: SE=2zx}] =

Z ﬂstm‘| = E lz H{S;ﬁ'_m,n<‘rA}‘|
n

n<TA

Z]P’(Sﬁ =x,n<Ta)

SOy e

n wiz—z,wlA,|wl=n

G

wix—r,wCA

Exercise 2. Discretisation of PDEs : the equilibrium case
We want to study the discrete PDEs :

(0.3)

Af=p inA
f=F in0oA

and to give an explicit formulation in terms of the given functions p, F', the Green’s function GG 4 and the harmonic
measure H 4 (z,y)

(1) Recall why there is at most one solution to the system (0.3).

Solution. If f; and f> are two solutions of the discrete PDEs (0.3), then h = f; — f5 is harmonic and null
on JA: by the mazimum principle, h = 0 and thus f; = fo.

(2) Solve the system (0.3) and give an interpretation of f (z) as an expected reward.

Solution. If we consider a solution f; of the discrete PDE (0.1), and f2 a solution of the discrete PDE
(0.2), then f1 + f2 is a solution of the discrete PDE (0.3) (and actually the unique one by the point 1.)
Thus the unique solution of (0.3) is given by

==> rWGale.y)+ Y Hale. {yh)F(y).

yeA ycedA

The solution f at « can be seen as the expected reward of (Syar,),, , starting at z, with salary —p and

exit bonus F"
Ta—1
- [Z p(Sk) F(STA)] .
k=0

f (@) =




Exercise 3. Discretisation of PDEs: the evolution case
We want to give an explicit formulation and a probabilistic interpretation of the solution to the discrete partial
differential equation:

(0.4) {f(x7t+1)_f($7t)=Af(:v,t) for (z,t) € AxN

f(x,t)=F () for (z,t) € 9A x NU A x {0}
where f: (AUJA) x N— R.
(1) Prove that the solution to (0.4) is unique.

Solution. At time ¢t = 0, f is uniquely defined by F. For consecutive time-steps, we have f (z,t+ 1) =
fx,t)+ Af (x,t).

(2) Suppose that f (-, t) converges to a function g (-) when ¢ goes to infinity. What discrete partial differen-
tial equation does g satisfy? Thus, which function (or modification of it) should appear in the explicit
formulation: the Harmonic measure or the Green’s function?

Solution. If f (-,t) converges to a function g () then taking ¢ — oo in the discrete PDE, we get : Ag(z)=
Thus, we should consider a modification of the Harmonic measure.

(3) Write the discrete PDE as A, f (z,t) = 0 where A, is a linear operator.
Solution. The Laplacian is Af (z,t) = (2%1 Dyt (y,t)) — f(z,t). Thus we can write : A.f (z,t) =

(4) Find an explicit formulation of a solution. Hint: For t € N consider the random variable S;, ; where
Ta At =min{T4 t} and take its expected value under the image of F.

Solution. The last question implies that
flat+1)= o ;f )

In particular, for £ = 1 and z € A we have: f(z,1) = 55 Zywx F(y). Similarly, for t = 2 and © € A we
have:

f (ZE, 2) = 271(1 ZI’NI7,1,‘/EA f(xlv 1)"’% Zm’Nm,x'eaA f(xl7 1 2 Za: ~z,x’'€A Zme ( ) 2d Zyrvw yEOA F(y)

) - (
= 2yeaP(S3 =y, 7a > 2)F(y) + X2 coa P(ST, = 4,74 <2)F(y ) E (F (S%,12))
It is then natural to consider

f (Ivt) =K (F (SfA/\t))

where the random walk gets a reward if either it exits the set A or it runs out of time.
Then f (z,t) =E (F (5%, ) = o Dy B (F (S%, r¢) IST =), and

E(F (S ) |Sf=y)=E (F (Si'AA(t—n))

by the Markov property thus

f(x,t) Qde Y.t

Yy~

(5) Let us consider the oriented graph A™ = A x N C Z™! with neighbours of the form (z1,t;) ~ (x2,12) if
and only if 21 ~ x5 in A and t3 = t; + 1 (~ represents the oriented edge pointing from (x1,t1) to (z2,t2)).
We define the Laplacian on A™ for a function f: AUJA™ — R as

Af@) =5 {y —a 2 @ - 1@,

ywr
(a) What is 0A™?
Solution. 9A™ = (A x {0}) U (A x N).

(b) Show that f is a solution to (0.4) if and only if f is harmonic on A~ with suitable boundary conditions.



Solution. We have seen that the function f is a solution of (0.4) if and only if f(x,t+1) =
ﬁ Zywm f(y,t) and it satisfies the same boundary conditions. Let us remark that this last equa-
tion can be written as i
Fat) =5 S )
(y,t)~(2,t+1)
which is exactly equivalent to the fact that f is harmonic on A7

(¢) Show that the harmonic measure Ha— ((z,t),{(y,s)}) is equal to

P*(S;, =yand1ta=t—3s) ifs>0
P* (S; =y and 74 > 1) ifs=0

where we recall that (SZ)°7 , is the simple random walk on A starting at .

—(z,t)

Solution. The harmonic measure Hx— ((z,t), {(y, $)}) is equal to P (STA_. = (y, s)), where S | is

the inverse simple random walk on A~ (i.e. it can only jump in the inverse direction of any oriented
—>(r,t)>
n

2
NAT,

edge). Let us consider the random walk (S starting from (z,t) and stopped when it hits
N

OA™. If the simple random walk stops when it hits A~ and goes out at (y,s) with s > 0 it means
that 77 = 74 and 74 < t, thus

PO (57 = (4.8) = P*(Sn, —yand T4 =t—s)

TA—

and if the simple random walk stops when it hits 9A™ and goes out at (y, s) with s = 0 it means that
Ta— =t and actually 74 > t thus

Pt (5. =(y,s) = P"(St=yand7a>1t).
(d) Using the last question, give the explicit formulation of (0.4).

Solution. We know that the unique harmonic function f on A~ with boundary conditions given by
f(x,t) = F(z) for (x,t) € DA™ is given by

Fl@t)="> Ha (1), (,9))F ().
(y,s)€0A™
Using the last question, we can write it as

Fla) =) P (Sy=yandra > t)F(y)+ > Y P*(S;, =yandra=t—5)F(y).

yeA y€EOA s=1

Let us remark that 320 P*(S,, =y and 74 =t —s) = P(S,, =y and 74 < t) thus :

fl@t) = Y P (Ss=yandra >t)F(y)+ Y P"(S,, =yand 74 <t)F (y)
yeA yEDA
= Y P (S =9 F )
yEALHA

= E%(F (Stnra))
and thus we recover the result of point 3.

Exercise 4. Discretisation of PDEs: the time-dependent boundary condition.
We want to give an explicit formulation and a probabilistic interpretation of the solution to the discrete partial
differential equation:

Af(z,t)=f(z,t+1)— f(x,t) for (z,t)e AxN
f(x,t) = F (x,1) for (z,t) € 9A x NU A x {0}
where f: AUOA — R.

Following the same ideas used for the point 4. of Exercise 3, give an explicit formulation and a probabilistic
interpretation of the solution to the latter discrete partial differential equation.



Solution. For z € Z we define (2)* := maz{z,0}.
Using the same ideas used for the point 4. of Exercise 3, we get that the solution of this discrete PDE is given
by:
f (@) = (F (Sranis(t=7a)")).
Indeed, we are still looking for an harmonic function on A~ but now the boundary conditions are different : if the
walk starts at (x,t) and goes out at (y, s), then the reward is F' (y,s). But s=t—714 if 74 <tand s =0if 74 >0

:thus s = (t —74) 7.



