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Let A C Z% be a finite domain. Recall that the Green’s function on A is the function which for each y € A and
each x € AU JA takes the value:

Ga(z,y) =E[#{0<n<74:8S; =y}

where (S%), is the simple random walk started at  and 74 = min{n >0:S* € 9A}.
We also recall that the Harmonic measure on A associated to a subset B C 0A is the function which for each
r € AU OA takes the value:

fumin:P@QeBy
Exercise 1. General knowledge

(1) For y € A, recall what is the discrete PDE satisfied by the function f(z) = G4 (x,y).

(2) For y € 0A, recall what is the discrete PDE satisfied by the harmonic measure f(x) = Ha (z,{y}) .

(3) In this question, a salary is a function s : A — R and an ezit bonus is a function b : A — R. Given
a path w = (wo,...,w,) in AU JA such that only w, € JA, the reward associated with w is 75, =

Zz;é s (wk) + b (s,). Give an interpretation of G4 (z,y) and Ha (x,{y}) as an expected reward.
4) Give an explicit solution to
( p

(0.1) {Afzo in A

f=F in0A
in terms of {Ha (z,{y})}, , . and give a interpretation of the solution as an expected reward.
(5) Solve

(0.2) {AfzpinA

f=0 in 0A

in terms of the Green’s function and give an interpretation of f (z) as an expected reward.

(6) Explain why "
1 w
Ga(z,z) = Z <2d>

w:iz—r,wCA

where |w| is the length of the path w = [ac =wp, W) = x]

Exercise 2. Discretisation of PDEs : the equilibrium case
We want to study the discrete PDEs :

(0.3) {Afp?nA
f=F indA

and to give an explicit formulation in terms of the given functions p, F', the Green’s function G4 and the harmonic
measure H 4 (z,y)

(1) Recall why there is at most one solution to the system (0.3).
(2) Solve the system (0.3) and give an interpretation of f (z) as an expected reward.

Exercise 3. Discretisation of PDEs: the evolution case
We want to give an explicit formulation and a probabilistic interpretation of the solution to the discrete partial
differential equation:

(0.4) {f(mH)—f(:v,t)—Af(x,t) for (2,6) € A x N

f(z,t)=F () for (z,t) € 9Ax NU A x {0}
where f: (AUJA) x N— R.

(1) Prove that the solution to (0.4) is unique.

(2) Suppose that f(-,t) converges to a function g (-) when ¢ goes to infinity. What discrete partial differen-
tial equation does g satisfy? Thus, which function (or modification of it) should appear in the explicit
formulation: the Harmonic measure or the Green’s function?
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(3) Write the discrete PDE as A, f (z,t) = 0 where A; is a linear operator.

(4) Find an explicit formulation of a solution. Hint: For t € N consider the random variable Sy, s where
Ta At =min{T4 t} and take its expected value under the image of F.

(5) Let us consider the oriented graph A~ = A x N C Z*™! with neighbours of the form (xy,t,) ~ (z2,t3) if
and only if 21 ~ x5 in A and t9 = t; + 1 (~ represents the oriented edge pointing from (x1,t1) to (z2,t2)).
We define the Laplacian on A~ for a function f: AUJA™ — R as

A @) = s S ()~ T @),

Y~
(a) What is 0477
(b) Show that f is a solution to (0.4) if and only if f is harmonic on A~ with suitable boundary conditions.

(¢) Show that the harmonic measure H— ((z,t),{(y,s)}) is equal to
P*(S;, =yand 74 =t—3s) ifs>0
P*(S; =y and 74 > t) ifs=0
where we recall that (S%)77, is the simple random walk on A starting at x.

(d) Using the last question, give the explicit formulation of (0.4).

Exercise 4. Discretisation of PDEs: the time-dependent boundary condition.
We want to give an explicit formulation and a probabilistic interpretation of the solution to the discrete partial

differential equation:
Af(z,t)=f(z,t+1)— f(x,t) for (z,t) e AxN
fx,t) = F (1) for (z,t) € 9A x NU A x {0}
where f: AUOA — R.

Following the same ideas used for the point 4. of Exercise 3, give an explicit formulation and a probabilistic
interpretation of the solution to the latter discrete partial differential equation.



